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cs and almost powers

1. Turk

RACT

An integer of the‘form axm, where a € IN is given and x,m € IN with

! are arbitrary, is called an almost power (with exponent m). Two dis-
: almost powers with equal exponents not equal to 2 are not contained
relatively short interval. For three distinct almost squares the same
'ue. Any number, greater than 1, of distinct positive integers in any

short interval do not have a power as their product.

[ORDS & PHRASES: (almost) powers, short intervals

is report will be submitted for publication elsewhere.







LMOST POWERS IN SHORT INTERVALS

It is easy to see that two distinct powers with the same exponent, i.e.

2ars of the form xm, ym where X,y € N and m € N with m > 2, cannot have
11 difference. We now consider also almost powers, i.e. integers of the

axm, where a is some given positive integer. The first theorem express-

at two distinct almost powers with the same exponent, but not almost

2s, cannot be close together.

EM 1.1. For every a, b, M, € with a,bp,M €¢ N, M 2= 3 and € > 0 there

5 a positive number C = C(a,b,M,e) such that for every interval [N,N+K]
contains two distinct integers of the form axm, bym with x,y,m € N

# (1,1) and m = M one has

K > CNI—Z/M_E.

dbserve that the number C does not depend on m, but only on M. We also
¢ that the dependence of the positive numbers C(a,b,M,e) on a and b is
that they are bounded (from below) be some p081t1ve number C' (pl,...
LM, €) if a and b are from the set {p1 -+ +Py Vt |v e Z, \G_z 0} of

2rs composed of primes p,,...,p
1/3-¢ !

. In particular, an interval of the form

BBym

t
>(e)N ] never contains two distinct integers of the form 2axm’
¢, yme N, a,B € Z andm= 3, o 2 0, B = 0. See also Theorem 2 in [1].
fwo distinct almost squares can be as close as one can (reasonably) wish
shown in Theorem 1.3.a. Our second Theorem 1.2 shows that three dis-

almost squares cannot be close together.

iM 1.2. For every a, b, ¢, € with a,b,c € N and € > 0 there exists a
ive number C = C(a,b,c,e) such that for every interval [N,N+K] which
. . , 2 ]

ins three distinct integers of the form ax , by2, 022 with x,v,z2 € N
is

K > CN1/4_€.

heorem 1.3 shows that the lower bounds for the lengths of the intervals

torems 1.1 and 1.2 cannot be much improved.




SOREM 1.3.

For every M € IN with M 2 2 there exist infinitely many N ¢ N and a posi-
tive number C(M) (with C(2) = 1) such that [N,N+C(M)N1_2/M] contains two
distinct integers of the form xM, 2yM with x,y € NWN.

1/4

There exist infinitely many N ¢ IN and a constant C such that [N,N+CN ]
' 2

contains three distinct integers of the form 2x2, 3y, 622 with x,v,z € N.
Apart from the remark following Theorem 1.1, nothing is known about the

7 the numbers C of the Theorems 1.1 and 1.2 depend on a, b (,c) and €. To

>ve certain theorems in §2 we need effective versions of Theorems 1.1 and

!, which we state in Theorems 1.4 and 1.5. Also compare Theorem 1.4 with

sorem 1 in [1].

IOREM 1.4. Suppose [N,N+K], where 3 < K < N° with 0 < ¢ < 1, contains two
stinct integers of the form axm, bym, where a,b,x,y,m € N with m = 3 and
:3if x =y =1, while a and b are m-free. If b/a = 1 we put C(b/a) = 1.
b/a # 1, let b/a = p?1...pzt with a; € z-{0}, p; prime (1 < i < t) and
:...<pt. Put P = max{pt,3}, H = max{a,b,3} and put c(b/a) =

L{ColongoglogH, (t+1)c0t(logP)tloglogP}, where C, is a certain absolute

0
\rge) constant. Then

n(logm) < (1-0) lc(b/a),

3
HCm logKloglogK > logN,

wre C is some absolute (large) constant.

One can also prove inequalities of the form C(H,m)logK > logN, but in

" applications these would not be improvements of (2).

OREM 1.5. Suppose [N,N+K], where K > 3, contains three distinct integers

the form ax2, by2, cz2 with a,b,c,x,y,z2 € N. Put A = max{a,b,c,3}. Then
2 3 .
CA (logA) ™ (AlogA + logK) (logA + loglogK) > logN,

re C is some (large) absolute constant.




[EIGHBOURING INTEGERS WHICH HAVE A POWER AS THEIR PRODUCT

In 1975 ERDOS and SELFRIDGE [2] proved the following elegant assertion,

had been a conjecture for more than 150 years.

SITION. (Erdds, Selfridge). The product of two or more consecutive

ive integers is never a power.

The following Theorem 2.1 implies that the product of two or more dis-
integers is never a power if the integers are sufficiently large and

an average distance not much greater than 1 (i.e. if the integers

1

-/n_ satisfy n_ <n,<...n < 1+c(logf)_1 for certain

£ 01 £
jve constants n, and c), generalising the proposition on consecutive

ers ((nf—nl)(f--l)_1 = 1). Note, however, that in the latter case the

and (ng-n,) (£-1)"

ant nO may be taken as nO = 0, by the proposition. See also Theorem

for integers for which the average distance is bounded.

gree el be distinct (f = 2) integers in [N,N+K] with

EM 2.1. Let n
and £ = K—cK(logK)_l, where N

and c are certain positive constants.

0 0

3+

m,
N nil £ " for any m ¢ N with m 2 2 and any (ml,...,mf)

with mi € IN and gcd(mi,m) =1 fori=1,...,F.

Theorems 2.2 and 2.3 show that the product of two or more distinct posi-
integers is never a power if the integers are neighbouring, i.e. con-

d in a relatively short interval. In the proofs we use Theorems 1.4 and

EM 2.2.
r every (f,m) € 11\12 with £ 2 2 and m 2 2 there exist positive numbers ¢ and

f,m) (with lim e(f,m) = 1lim e(f,m) = 0) such that if ng,...,n; are

o0 £
m.
stinct integers in [N,N+c(logN)€(f'm)] then ﬂf=1 nil ¢ N" for any
1,...,mf) with m, € IN and gcd(mi,m) =1fori=1,...,f.

r every (8,m) ¢ (0,1] x IN with m = 2 there exist positive numbers c and

§,m) (with lim e(§,m) = limm+m €(6,m) = 0) such that if n

80 pretrfg




m)

are distinct integers in [N,N+K] with K < c(logN)e(s' and £ = 8K+1

m.

then ﬂf=1 n.i ¢ " for any (ml,...,mf) with m, € IN and gcd(mi,m) =1

i
fori=1,...,f.

While Theorem 2.2 deals with neighbouring integers whose number or
'rage distance is bounded, the first assertion of Theorem 2.3 implies that
+ product of any number (greater than 1) of any distinct integers in an
.erval of the form [N,N+loglogN] is not a square, a cube, ..., an m—-th
rer when N is large enough. However, it does not include the cases where
s 'large', e.g. m = [loglogN]. The second assertion of Theorem 2.3 shows
it the product 6f two or more distinct integers from a still shorter inter-

. is never a power.

OREM 2.3.

Let m ¢ N with m 2 2. Let Nyseeeyn be distinct (f 2 2) integers in an

£
interval [N,N+cm_8(loglogN) (logloglogN)_lj, where c is some positive
absolute constant. Then ﬂf=1 n?i F3 Ifn for any (ml,...,mf) with mi € N
and gcd(mi,m) =1 fori=1,...,¢F.

Let nl,...,n be distinct (f 2 2) integers in [N,N+clogloglogN], where c

£

me.
is some positive absolute constant. Then ﬂf_l nil '3 N° for any m € N
with m 2 2 and any (ml,...,mf) with mi € IN and gcd(mi,m) = 1 for
i=1,...,f. In particular, ﬂi=1 n, is not a power.

It is, probably, difficult to relax the conditions gcd(mi,m) =1 in
orems 2.2 and 2.3 (it is impossible when m is a prime, of course) in view
the following. Two powers ap, pd satisfy n?ng € W' with m = pg; it is
. known that two distinct powers with distinct exponents cannot be close
ether (apart from finitely many exceptions such as 32 and 23). The only
wn general result is due to TIJDEMAN [3]: apart from finitely many excep-
ns, two powers are not consecutive integers.

Finally we consider the problem of the existence of (as short as possi-
) intervals which do contain two or more distinct integers having a power

their product.

OREM 2.4. For N =2 3 we write K(N) = exp(lZ(logNloglogN)l/z). For every

IN with m 2 2 there exists an infinite set Nm c¢ IN such that for every




lh the interval [N,N+K(N)] contains two or more distinct integers, say

..sn., and integers myse-.,m from {1,...,m-1}, with ﬂf= n?i e .

£ f 1

.LARY. There exist infinitely many positive integers N such that
K(N) ] contains two or more distinct integers having a square as their

ict.

For m € IN with m = 3 we cannot find intervals shorter than

1-2 . s s . .
cmN /m] which contain two or more distinct integers having an m-th

r as their product.
'ROOFS OF THE THEOREMS IN §1

m
' OF THEOREM 1.1. Suppose N < ax < bym < N+K < 2N. First we consider the

al case where b/a = cm/dm for certain ¢,d € W with gcd(c,d) = 1. Then

vides a and we obtain

ka2 & (by™-ax™ = a((cy)™-(ax)™) > a((ax+1)"=(@x)™) > am(ax)™

a1/mdm—1(axm)1—1/m S dle—l/m > dle—l/M’

K > Nl_l/M. Now we assume that the real algebraic number (b/a)l/m is

ional. By Roth's theorem on rational approximation of algebraic irra-

-(1+
ls (see Proposition 1, page 11) we have l(b/a)i/my—xl > cy (1+e) for
€ > 0, where c is some positive number depending only on 6 = (b/a)l/m
. Observe that bym—axm = a(ey—x)((Gy)m_1+(9y)m—2x+...+xm_1). Put z =

1/m 1/m. Also ym < N+K £ 2N. Hence

,v}. Since x,y >> N we have z >> N

(1+¢)

K > by -ax’ > acy m°min{b/a,1}°zm_1 >> y@2-€)/m
S N1—2/m-e'
1-2/m-¢ . .
K > cl(a,b,m,e)N for some positive number ¢y depending only on

m and €. We also have

bym--axm = axm(bym/axm-l) > axm(mlog(y/x)ﬁ-log(b/a)) # 0.




r a theorem on linear forms in logarithms (see Proposition 3, page 12) we

we, writing Z = max{x,y} (2 2),
) mlog(y/x) + log(b/a) > exp(-ClogZlogm)

Y some positive number C depending only on a and b. Since Z® < N+K < 2N <

we obtain
m m m -1 1—2Cm_1lo
K 2 by -ax > ax exp(-2Cm "logm logN) = N gm.

mce for m > m_(a,b,M), a certain number depending only on a, b and M, we

0
ve K > N1_2/M. Put ¢, = c,(a,b,M,e) = min e c, (a,b,m,e). Then we have
1-2/m-¢ 2 e’ Msmsmo 1y 5 /m
> 02N > 02N1“2/M‘€ for M < m < m and K > N for m > m - This
plies the assertion of Theorem 1.1. g

MARK. The number C in (3) depends only on the distinct prime divisors of

and b. Since c1 depends, in fact, only on the m-free part of a and b, it

1llows that the final constant C = min{l,cz} in Theorem 1.1 depends only

. the distinct prime divisors of a and b and on € and M.

OOF OF THEOREM 1.2. Suppose N < ax2 < by2 < c22 < N+K < 2N. If one of /b/a,
1/2

75, Vc/b is rational, then we have, trivially, K > N . Hence we may

sume that these algebraic numbers are all irrational, or, equivalently,
at 1, Yc/a and Yc/b are linearly independent over the rationals. By
hmidt's theorem on simultaneous rational approximation of algebraic irra-

onalities (Proposition 1) we have, therefore,

lzVc/b -yl |z/c/a - x| > coz_(1+€) ,

r some positive number c, depending only on €, Vc/b and vYc/a. Hence

0

(cz2—by2)(czz—ax2)

~
v

ab (zVc/b -y) (zVc/a - x) (zVc/b +v) (zVc/a'+ x)

Z—(1+e) N(1—€)/2.

. 2
>> (min x,vy,2 )  >>




proves Theorem 1.2. 0

F OF THEOREM 1.3.

he assertion for M = 2 follows from the (well-known) existence of in-

initely many x,y € IN with x2--2y2 = 1, Assume M = 3. By Dirichlet's

heorem on rational approximation of irrationals (Proposition 2) there

xist infinitely many x,y € IN with ]y21/M—xl < y_l and x,y > Ml/z. For

hese integers x, y we have

1/M l/M) M-1

M M M-1 -1 M-1
[2y -x | = |y2™" "-x] ((y2 +...+4x ) <y e2Mmax{x,v})

. M : . M .
ut N = min{x ,2yM} then it follows that xM and 2y  belong to the inter-
al [N,N+K] for some K<@<MN1_2/M.
y Dirichlet's theorem on simultaneous rational approximation (Proposi-

ion 2) there exist infinitely many x,y,z € IN with

1/2 1/2

|z/3-x| <z and |z/2-y]| <z 7°.

n particular y << x << z << x << y. It follows that

|622—2x2| 1/2

2|zV3-x](2/3+x) << z_l/zmax{x,z} << (max{x,y,z})

2 1/2 1/2

[622—3y | = 31z2V2-y|(zV2+y) << z

max{y,z} << (max{x,y,z})

st N = min{622,2x2,3y2}, then it follows that 622,2x2,3y2 e [N,N+K] for

ome K << N1/4. g

 OF THEOREM 1.4. Suppose that N < ax® < bym < N+K, where 3 < K < NU,

3 <1. If b/a = 1 then

N 2 K 2 a(y"-x") 2 a((x+1)"-x") > amxm_1 > (axm)l—l/m > Nl"l/m,

w

m(logm)—1 <m < (1—6)—1==C(b/a)'(1—0)—1. We assume b/a # 1 now. We
also assume that (x,y) # (1,1), since otherwise m = 3 and inequality
>f Theorem 1.4 trivially holds since C(b/a) exceeds 3, while inequality

trivially holds, if x =y = 1, since H 2 a =2 N, then. Observe that

7




N 2K 2 bym—axm > axm(bym/(axm)—l) > axm(mlog(y/x)+log(b/a))E:N-A

7 Proposition 3 we have, with Z = max{x,y} (= 2),

-
]

mlog(y/x) + log(b/a) > exp(-ClogHloglogHlogZlogm),

t
mlog (y/x) + E ocilogpi > exp(—(t+1)Ct(1ogP)tloglogPlongogm).
i=1

=
1

nce 7% < MK < 2N < N° it follows that

_Nc_l-z A2 exp(—2ClongoglogH-m—1logm°logN),

J
1 -1

N > A2 exp(—2(t+1)Ct(logP)tloglogP-m-llogm-logN)

1ich implies that (1) holds

To prove (2) we use the following result, proved by EVERSE [4], follow-
iIg a method of Baker.

Let %,y € Z satisfy xm—dym =k, where d € Z, me IN, k € Z, with
> 3 and k # 0. Put k" = max{ |k|,3}. Then

2
Cm * *
max{|x|,|y|} < exp((mld])™ logk loglogk ),

lere C is some large absolute constant.
We have bm—l(bym—axm) = (by)m--abm_lxm
serve that d = abm_1 < 5 and k* = max{3,k} < b

= k, where bmm1 <k < bm_lK.

-1y < B™. Tt follows that

3
< bym < exp(HCm logKloglogK) for some large constant C. 0
To prove Theorem 1.5 we first prove

EOREM 1.6. Let a, b, c, d be square free positive integers with a # b and
# d and let e and £ be integers. If af = ce then we also assume that abcd
" not a square. Then for every solution (x,y,z) € ]ﬁ3 of the pair of equa-

ons




max{x,y,z} < exp(Caz(loga)3ylogy),

> a = max{a,b,c,d}, B = max{lel,|£],3}, v = max{ologa,logB} and C is

large absolute constant.

In the proof of Theorem 1.6 we use results of Nagell and Schur on equa-
3 of the form X2 - DY2 = 1 (see Proposition 4) and a lower bound for

ir forms in logarithms of algebraic numbers (Proposition 3). Our method
roof is analogous to the proof in [5], where it is shown that the only
:ions of (4) in the case (a,b,c,d,e,f) = (3,1,8,1,2,7) are those corres-

.,ng to x =1 and x = 11.

' OF THEOREM 1.6. We may assume that gcd(a,b) = ged(c,d) = 1. By (4) we

2

{(ax)2 - aby ae

(cx)2 - cdz2

cf

» aecf # 0 and ab and cd are not squares we conclude from Proposition

it

Iax + y/EB = (s+t/§5)en

ab
lcx + z/cd (u+v/€3)azd

lertain s,t,u,v,m,n € Z with |s|,]t] < sabVaIel and |ul,|v] < schclfi.

ning (5) with the conjugate equations we obtain, since EZb = E;E and
-m
" e’
= (s+t/ab)e", + (s-t/ab)e .
ab ab

{Zax

2cx

m -m
(u+v/€5)scd + (u—v/Ea)ecd

ew of the symmetry in (6) we may assume that m =2 0 and n = 0. From (6)
llows that

n m
A -
Eab Be

cd Cs




ere A = c(s+t/§5), B = a(u+v/Ea), C = a(u—v/ga)a;

2 minimum polynomial of A is T2
ale|} < a3a-6 since, by Proposition 4, €
B) < a3a-8. We also have H(eD) = 2xD < 2¢
at A > 0 and B > 0. Also note that B~1 =

g{|ul, |vl}2/cd(acle])~1 < a3a. also A~1 <
< alu-v/cd] + cls-tvab| < 2a3a6. Observe

2 _ -
= Be®'_ hence c“ae = AA = BB =

I

n

ab cd
2

~

sume, by the symmetry in (7), that C > O.
We now show that N :=

) N(logN)_1 <

r some constant CO.

5E 1.

m 1/2

c > (Becd)

this case we have m < log(CZB_l)/logeCd << aloga + logB. Since

m
C + Be

2
<C+ <
cd C C

n
Ag =
ab

obtain

* =
n < log(C A 1)/loga

ab
:refore (8) holds in this case.

SE 2.

m  1/2

(0 <)C < cd) .

(Be

follows from (7) that

- 2csT-+c2ae. Hence H(A) =

ab

2
a cf, so ec =

= adz2, contradicting that abcd is not a square. Since C # 0 we may

2max{1,C2} =C

m -n
a- c(s-t)/gg)sab.

max{1,2cls],
< (ab)‘/EB < aza. Analogously,
and ED > 1+v/D > 2. Observe

1

(u—v/Ea)(acf)—l, hence B~ <

a3a. We also have

that C # 0: if C = 0 then

af. From (4) we infer

max{m,n,4} satisfies

Coa(loga)2(aloga+-log6)

*

<< aloga + logB.




11

m A -1/2 1—1/2.

0 < log(A/B) +nloge Cd) =:

m
- < <
mlogsc C/Becd (Be

ab d

1,(u/2)_1/2}, where

}. We use this upper bound

ve that we also have the upper bound max{ (n/2)

n . m 1/2 1/2
€,p’ Since u = C-+Becd < A / + A < 2max{A, X /

2 m and the bound X_l/z if n < m. We may assume now that 4 < n < m. From

sition 3 it follows that

log(A/B) + nloge - mlogec

ab d

> exp(—Cllog(u3a8)logH(scd)log(aza)logalogm).

saw, we also have the upper bound (Belsd)—l/2 < Bnl/:’z(H(z-:cd)/Z)_m/2 <
uloga-—1/2-mlog(H(scd)/2)). Combining the bounds we infer
-1 -1 2
N (logN) = m(logm) << (ologa + logB) ca- (loga)
fore (8) also holds in this case.
. n 4no 1/2
From (6) it follows that x < 2max{lsl,]t|}/555ab < o B . By (8) we

n << a(loga)zylogy. Hence x < exp(Cuz(loga)3ylogy) for some constant C.

aw of (4) this inequality also holds for y and z for some C. g

OF THEOREM 1.5. We have ax2--by2 = e and ax2--cz2 = £ for some e,f € Z

lel,|£f] < K. We may assume that a, b, c are square free and also that
are pairwise distinct (since otherwise K > Nl/2 and the inequality of

am 1.5 holds). Therefore we can apply Theorem 1.6. We obtain

X < exp (CA2 (loga) 3 (AlogA + 1logK) (logA + loglogK))

2
dme constant C. Since x 2 (N/A)l/ the inequality of Theorem 1.5 fol-

0
"inally we state the results which we used in this §.

SITION 1. (ROTH, SCHMIDT [6]). Suppose @y ,--.,0 are real algebraic
rs such that 1,a1,...,un are linearly independent over the rationals

ippose § > 0. Then there exists a positive number c, depending only on




,...,an and 8§, such that for every PysecesP € Z and every

- (1+46)
lalq-pll.--lanq pnl > cq .

OPOSITION 2. (DIRICHLET, [6]). Suppose that at least one of
LS Oyyeee,0 is irrational. Then there exist infinitely many
ples (pl/q,...,pn/q) with p, € Z and q € N and Iaiq—pil <

=1,...,n.

JDPOSITION 3. (BAKER, [7]). Let Agreeerd, (where n > 2) be po
gebraic numbers of degree one or two with heights at most A1
ectively, where Ai 22 for 1 <i < n-1 and A > max{Al,...,A
t 81,...,Bn be rational integers with absolute values at mos

ppose that A := Z?= leogoej is not zero. Then

1

A > exp(—ncnlogA ...logAnloglogAnlogB)

1
are C is some (large) absolute constant.

DPOSITION 4. (SCHUR, NAGELL, [8], [9]). Let D be a positive

not a square and let ED =X +yD/5, where (xD,yD) is the so

D
—Dy2 =1 with (x,y) € N° and x+yYD minimal. Then € < exp

the equation

2
2re e € Z with e # 0, has solutions (x,y) € Z then there

many) solutions (s,t) € Zz of (9) with
lsl,lt] < e le]'/?
>h that every solution (x,y) € Zz of (9) has the form

x+y/I_)= (s+t/]3)eg

r some n € Z and some (s,t).

las

1=
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'ROOFS OF THE THEOREMS OF §2

First we prove the following lemma.

. Let m,f ¢ N withm 2 2 and £ 2 2. Let nl,...,n be distinct integers

£

. 1-1 .
e interval [N,N+K], where K < N /m’ with the property that
m-
nil € Ifn for some (ml,...,mf) with mi € IN and gcd(mi,m) = 1 for
sese,f. Write n, = aix? with ai,xi € N and ai m-free (1 < i < £). Then

'(ai) <K fori=1,...,%,

i < exp((m-1) (f-1)1logk) for i = 1,...,£,

here exist at least two (three if £ = 3) ai's with ai:Sexp(3me—1logK),

here exist at least two (three if £ = 3) ai's with
1/2 1/2

i < exp (CmK (logkK) ), where C is some absolute constant.
. First we observe that a; # aj for i # j: if a; = aj, then, assuming
g we have K = n;ony = ay (xg‘—x’;) > ma,x271 > Nl_l/m, a contradiction.

ove (1), let 1 < i < f and let p be a prime divisor of a, - Since
m 0
ajj € nﬁn, the mj are relatively prime with m and ai is m-free, there

sajwithl1 <j<f, j#iandp aj. Hence p ai--aj and, since aiséaj,

ai—ajl < K. To prove (2), let 1 £ i < f. Observe that ai divides

£ v _(a.)
p i
R 1
j=1 plaj P
3#1
divides
£
-1
O cmop”t
. ,. plas
J
J?él Plai
divides
£
m-1
jgl (gcd(ai,aj)) .

j#L
aj # aj for i # j we have gcd(ai,aj) < lai—ajl < K and we infer that

k@-1) (£-1) ' we now prove (3): we have




£ Z§=1 vp(ai) Z?;i #{1<i<f lpJ divides ai}
iy 3 =0p =0p
2?;1 (1+[k/p7 1) _ 2._, [x/p"]
< .
PQK P - pgK p pgK p

(pﬂk p)m—l-K! < Kﬂ(K)(m—1)+K < KmK-

f 2 3 we conclude that the number of a; with a, > exp(mKlogK-(f—2)—1) is
ss than f-2, hence there are at least three a, with a, < exp(3me_1logK).
f = 2 then, by (2), ay and a, do not exceed exp((m-1)logK). This proves

).

Finally we prove (4). Suppose A € IN with 3 < A < f. We have
A
(2)

m_1
< ° < .
a; < LCM[al,...,aA] 1siujsk gcd(ai,aj) < pﬂ P K

n= >

i=1

IA
w
~N
°

1ice there exist at least three ai among al,...,al with
-1 A
a, < exp ((A-2) (mKlog34-(2)logK)).

f 2 24—[(K/logK)1/2] then we take A := 24—[(K/logK)1/2] (= 3) and we ob-

.n three a, with a, < exp(CmKl/z(logK)l/
1/2." 1/2

¢ 1+ [(K/1logk) 1 then, by (2), a; < exp (mK (logk)

i < £, This proves (4). l

2
) for some constant C. If

1/2) for every

ARK. The combination of (2) and (3) gives that a; < exp(3mK1/2logK) for

least two (three) a; which is only slightly weaker than (4).

JOF OF THEOREM 2.1. Suppose that n1,...,n£ are distinct (f = 2) integers

[N,N+K], where N = NO and £ = K-cK(logK)—l, where c(> 0) is a sufficient-

small constant and N0 is a sufficiently large constant, and suppose that
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n?i e " for some m € IN with m = 2 and some (ml,...,mf) with m, € IN
;cd(mi,m) =1 fori=1,...,f. We shall finally obtain a contradiction,

1
irst we show that K < N /m-

If § < 1/2 and N is sufficiently large and K = N then there exist more
6K(logK)_1 primes in [ (N+K)/2, N+K] < [N,N+K], hence ifvc < § and N0
ifficiently large then one of the n, is such a prime (which cannot divid
»ther nj # ni), contradicting ﬂf=1 n?i € ﬂ&n. Hence K < N, If N2/3 <

1) then the number of primes in [N,N+K] is asymptotically K(logN)“1 for

>, by a well-known result of Ingham, hence, provided c < 2/3 and NO

.ciently large, there exists a n, which is a prime (larger than N > K,

is

» not dividing any other nj # ni), contradicting ﬂle n?i ¢ IN". Hence
12/3. For K0 < K < N2/3, where KO is some absolute constant, the number

itegers v in [N,N+K] with P(v) > K exceeds K/6 (see, if necessary, the
" of Theorem 2 in [10]). Hence, provided K = Kl(c), one of the n, is
iible by a prime p exceeding K. Hence p *+ n, for every n, # n, and from

n?j € Iﬂm, it follows therefore that pmlni. This implies (k+1)™ < pm <
1/m

N+K, hence K < N . If K < KO, where K0 is some constant, then, by

‘em 2.3(b), we have N < NO(KO), some constant depending only on Ko. Tak-

IO large enough and c sufficiently small (i.e. ¢ < 1/2) we may therefore
e that K, < K < yi/m

stinguish the cases m 2 3 and m = 2 now.

in the sequel, where K., is some suitable constant.

0

Suppose m = 3. In [2] it is shown that it follows from K < Nl/m, m =23

'(ai) < K (which holds in view of (1) of the lemma) that all products
where 1 < i, j < f, are distinct (in particular the a, are distinct),

lso that, consequently,

I 1T + o’ 4 (logx) 2y = x(1ogw) "t (1 +0((logx) L))
a.<x
i
ange (if necessary) the indices of the a, in such a way that a1<...<af.

it follows that t = Za-Sat 1 < at(logat)—l(1+O((logat)_1)), hence
i

tlogt + tloglogt + O(t), in particular a, 2 tlogt for t 2 to. Therefore
T T -
tnl a, > exp( z log(tlogt)+0(1)) = exp(TlogT + TleglogT + O(T))
a t=1

2 2. For every prime divisor q of a,...a_ we choose an 1 < i(q) < f
1 £




> ] =
.th vq(ai ) 2 vq(aj) for j 1,...,£. Then

(a)
m-1 . . 7 J ...
£ Z'—l #{1<i<f | i#i (Q)Vq and p? divides a,}
LT a, =ITp J= *
i=1 i o)
i#i(q)Va
z?;i [k/p7]
<n < K!
p b

*
t £ = £-T(K) (= 2). Since there exist at most TI(K) distinct q's we ob-

in
£* £ .
< < I <
e 3 < 3 8y KL sSKL
i#i (q)Vq

mbining this with (10) gives £ < K(1 - loglogk (logkK) »+0((logk) 1)). It
llows that f < K-—K(logK)_lloglogK+O(K(logK)_l) , a contradiction with

> K-—cK(logK)“1 and K 2 KO' since KO is sufficiently large. We now consider
e casem = 2.

£
As we saw in the proof of the lemma, TT,

.. .
Lo 3 divides (K!) ”pSK p. Hence

Hh

vy Ty a) v, (KD va(T]_y a,)=v (k)

.. . . .
1) igl a; divides K! 2<ESK pe2 3

te that plai if and only if vp (ni) is odd. Let n(p) be an integer in

VP(n) < K for

+1

(N+K] with vp (n(p)) 2 vp(n) for every n e€ [N,N+K]. Then p
ery n # n(p) in [N,N+K]. Let j(p) be the maximal integer with p23 < K.

en it follows that

£
vp(il;l1 a,) < 1+#{1<i<f l n, #n(p), Vp(ni) is odd}
i)
<1+ zp (N(29+1) - N(23+2)),

j=0
ere N(i) = #{n € N | N<n<N+K, n#n(p), él[n} = K/p- + O(l). It follows
at vp(l'lif=1 ai) < K/ (p+1) + O(logK). Using also that K! = exp (KlogK - K+
logk)), np<K p = exp(K+0(K(logK)) and VP(K!) = K/ (p-1) + O(logK) we obtain
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(11)
£
n a; < exp (KlogK - ((21log2)/3+ (log3)/4)K + O(K(logK)) .

= q1<<q2-<... be the increasing sequence of square free integers. Then

t/6 for t -+ «. Hence a, > q > dt for any 4 < W2/6 and t 2= to(d). It
ws that ﬂf=1 ai > f!df for £ = fo(d), hence

13 rh

a; > exp (flogf + (logd-1)f + O(logf)).

i=1

ning the bounds for ﬂf= a; we obtain £ £ K - ((21log2)/3 + (log3)/4 +

1
- 1)X/logK + O (K/logK). Since (2log2)/34—(log3)/4+-log(ﬁ2/6)-1 is posi-
we obtain a contradiction with K =2 K, and £ > K- cK/logK if ¢ is suffi-

0
ly small. O

KS.
including the primes 5, 7, 11, 13 in the last argument on the square

ee a, one can see that the assertion of Theorem 2.1 holds for any

< 1/2 (the 1/2 comes from the first argument in the proof), provided
is sufficiently large.

is implicit in the proof that if nl,...,n are distinct (f =2 2) inte-

£
1/3 S

rs in [N,N+K] with N> N, K < N K-—cK(logK)_lloglogK for

0

me ¢ < 1 and NO sufficiently large, then ﬂf=1

th m 2 3 and any (ml,...,mf) with mi € IN and gcd(mi,m) = 1 for

=1,...,f.

and £

n?i ¢ " for any m € WN

OF THEOREM 2.2. First we suppose that m = 3, 3 < K < N*~ /™ and that
-/ are distinct (f = 2) integers in [N,N+K] with ﬂf=1 n?i e WO for

(ml,...,mf) with m, € IN and gcd(mi,m) =1 fori=1,...,f. Writing

aixT with ai m-free, as in the lemma, we obtain, from (2) of the lemma,
istinct integers ale and azxg with a, < K(m_l)(f_l)

inequality (2) of Theorem 1.4 we obtain

=: H in [N,N+K].

4
KCm £ logKloglogK > logN.

K >> (logN)E(f'm) holds for every e(f,m) with 0 < e(f,m) < (Cm4f)‘1.




follows that K >> (logN) for every €(8,m) with 0 < €(§,m) < &/ (9m) .[J

OF OF THEOREM 2.3. To prove part (a) we argue the same as in the proof of

orem 2.2, but we use (4) of the lemma instead of (2) or (3). In case m = 3

£ 3 . . .
N n™i ¢ " we obtain two distinct integers a X" and a. x> in [N,N+K]

i=1 i 1/2 1/2 171 272
h a; < exp (CmK (logk) ) =: H. By inequality (2) of Theorem 1.4 we ob-

e (87m)
n
/

exp(Cm4(KlogK)1 2))logKloglogK > logN,

- -1
ch implies K >> m 8(loglogN)z(logloglogN) .
If m = 2 then the assertion trivially holds for f = 2 as we saw in the

of of Theorem 2.2. Assuming £ = 3 we obtain, by (4) of the lemma, three

1/2)

tinct integers aixi with a, < exp (C (KlogK) =: A. From Theorem 1.5 we

/

er exp(C'(KlogK)1 2) > logN for some suitable C' > 0. Hence

> (loglogN)2(logloglogN)—l.

We now prove part (b). Suppose n,s...,n; are distinct (£ 2 2) in [N,N+K]

£

ﬂf_l n?i e IN" for some m € IN with m 2 2 and some m, € IN with

(mi ,m)

1 fori=1,...,f. We shall prove that K >> logloglogN. If m = 2

1/2

n this follows from part (a). We assume m = 3, and also that K £ N We

/

en, = aix? with a, m-free and a, < exp(Cm(KlogK)1 2) for at least two as

for a, and a,- We apply inequality (1) of Theorem 1.4, with ¢ = 1/2, and
ain m/logm < 2C(a1/a2). We show that C(al/a2) < exp(CK) for some constant
If a1/a2 = 1 then this holds, since C(1) = 1. By (1) of the lemma we have

' we consider the case m = 2., If £ = 2, then, trivially, n, = axi for some

IN and i = 1,2, hence K > Nl/2 and therefore K >> (logN)€(2'2) holds for
'ry positive number €(2,2). We assume £ = 3 now. By (2) of the lemma we v
re ni = aixi, with ai < Kf_1 for i = 1,...,f. Hence [N,N+K] contains the
itinct integers aixi, i=1,2,3, where ai < Kf—1 =: A. By Theorem 1.5 we

‘er that K3(f_1)(flogK)5 >> logN. This implies that K >> (logN)e(f'z) holds
revery e€(f,2) with 0 < €(£,2) < (3(f—1))—1. This proves part (a) of Theo-

1 2.2,

To prove part (b) we argue similarly, but we use (3) of the lemma in-

ad of (2). We then obtain a, < K3m5_1 =: A for at least two (three) ai.

.) <K for i = 1,2. Writing a,/a, = pml...pOLt with primes p, and |
i 1772 1 t i
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Z-{0}, we have p;<...<p, < K and t < M(K). In view of the definition
al/az) it follows that C(al/az) < (t+1)cot(logP)tloglogP < exp(CK) for
C. Hence m < exp(CK) for some constant C and, therefore, a; <

p(CK) =: H for some C and i = 1,2, From (2) of Theorem 1.4 we conclude

expexp (CK) > logN for some constant C, in other words K >> logloglogN.[]

OF THEOREM 2.4. We shall use the following (elementary) fact (see, for
le, [11])

There exists an infinite set S of positive integers such that the
number f(N) of integers n in [N,N+K(N)] with P(n) < PO(N) =

/

exp((logNloglogN)1 2) satisfies £(N) > (PO(N))2 for every N € S.

€ IN with m 2 2, For every set T which consists of [f(N)/2] distinct
ers n in [N,N+K(N)] with P(n) < PO(N) we define ¢ (T) as the tuple

teT
s . £(N) . s
umber of distinct sets T is ([f(N)/ZJ) and the number of distinct tuples
is at most mn(PO(N)). Hence there exists a tuple v = (vp)pSPO(N) = v(N)
that the number of distinct sets T with ¢(T) = v is at least
f?zj)m—n(Po(N)). In view of (12) there exist for every N € S with

D(m) (defining an infinite set Nm) m distinct sets Tl""'Tm with

= v(N) for i = 1,...,m:

2
P_(N) (P _(N))+1
£ (N) £(N) 2 0
([f(N)/2]) > 2 JE(N) > 2 /PO(N) >m
for N 2 No(m), N € S.
VP- i = 1 Q-
nteTi t e anPC(N) jo) " for i 1,...,m. Let nl,...,ng be the dis

integers in T U...UTm and let m, be the number of j with 1 £ j < m and

1

r., for i =1,...,9. Then 1 < mi <mfor 1 £i < g and ﬂg=1 n?i =
. g - 5 .
TteTi t e ]§n, while Zi=1 m, m[£(N)/2]. Deleting those n, from

.,ng with m, =m we obtain distinct integers ni,...,n% in [N,N+K(N)]

1]
1tegers mi e {1,...,m-1} for 1 < i < f with ﬂf= (ni)mi e W". Since

1




-1 mi is a nonnegative multiple of m, but not zero (otherwise T1=... =Th,

contradiction), we have f 2> 2. 0
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